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I. In this paper we give an alternate development of the well-known 
tensor product theorem for irreducible representations of semisimple algebraic 
groups in characteristic p. This theorem was first proved in general by Steinberg 
[8] using results of Curtis [4]; an exposition appears in Borel’s article in Cl]. 
Special cases of the theorem were obtained previously by Brauer and Nesbitt [2], 
Mark [7], and Wong [IO]. Wong later completed his argument in [II] and [12]. 
In his proof Steinberg first adapted Curtis’ results to show that the irreducible 
representations of the Lie algebra of G lift to projective representations of G, 
then directly showed by a computation that the appropriate tensor products 
are irreducible. His point of view was mainly that of Chevalley’s Tohoku paper, 
in which the algebraic groups were constructed by reduction modp. Wong’s 
proof also used reduction modp, deducing the theorem from its validity for 
Steinberg modules. Both methods yielded information about the irreducible 
representations of the finite Chevalley groups. 
In our version we stick to the algebraic groups and obtain a proof which 
involves no computations or reduction modp. The main simplification occurs 
in part (a) of the proof of Theorem 2; its philosophy has its roots in the theory 
of group schemes (cf. remarks at end of paper), and yields new results in that 
theory. Assuming only basic concepts of [6], our proof is self-contained. Because 
our treatment does contain the necessary adaptation of Curtis’ results, this 
paper can be used to shortcut the treatment of the finite groups in [I, 8, 91. 
We would like to thank James Humphreys for a number of helpful comments. 
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writing of this paper. They would also like to thank the National Science Foundation for 
its partial support, and in addition the second author acknowledges Grant MCS77-18723 
A01 through the Institute. 
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II. Let kc, be the prime subfield of an algebraically closed field k of positive 
characteristic p. Let G be a simply connected, semisimple algebraic group 
defined over k, . The group multiplication on G endows the afline coordinate 
ring A of G with the structure of a Hopf algebra with comultiplication 
d: A + A @ A. Recall that the Lie algebraL(G) of G is the set of k-derivations 
D: A -+ A satisfying the identity (1 @ D)d = AD. It has dimension equal to 
that of G and is restricted in the sense that D” EL(G) whenever D EL(G). We 
let % denote the restricted enveloping algebra of L(G) (the largest quotient of 
the usual enveloping algebra in which DP above is the pth power of D in %). 
The adjoint action of the group G on L(G) induces an adjoint action of G on 9!/ 
by Hopf algebra automorphisms. As such @ is a finite-dimensional rational 
G-module. Any rational G-module V is a restricted L(G)-module, and so a 
%-module; these module structures are compatible with the actions of G on 
L(G) and 9. 
The following theorem is closely related to results of Curtis [4]. 
THEOREM 1. Any irreducible @-module V extends uniquely to a rational 
G-module. 
Proof. Let J denote the Jacobson radical of @. Since G is connected, it 
must fix elementwise the finitely many primitive central idempotents of algebra 
e/J. Therefore by the structure theory of semisimple algebras, we obtain a 
homomorphism p: G + Aut(End( V)) = PGL( V) of algebraic groups. Since G 
is simply connected, p lifts to a homomorphism p”: G--f GL(V).l It remains 
only to check that the induced action of Q on V agrees with the original 
Q-action on V. Denote the original action of 2% on V by 7, and let r* denote 
the contragredient action. The representation T* @ T in V* @ V g End(V) 
agrees with the adjoint action p of G; the latter is also given by conjugation 
in End(V) by p”. So for X E L(G), we have ad(T(X)) = ad@(X)). It follows that 
T(X) = j?(X) + p(X) where CL: L(G) + Center(End(V)) is a homomorphism 
of restricted Lie algebras. 
The proof of existence is now completed by the following. 
LEMMA. Let p: L(G) ---f k be a restricted Lie algebra homomorphism (where 
the p-operator on k is x[Pl = xp). Then p = 0. 
Proof. Since G is simply connected, its Lie algebra is spanned by the Lie 
algebras of subgroups isomorphic to SL, . But it is easy to check that L(SL,) 
is generated by elements X with X[pl = 0. The result is now clear. 
To complete the proof of the theorem, suppose VI , V, rational irreducible 
1 The argument to this point is the same as that in [3]. It seems to be well known that 
the proof of thtori?me 2 given there contains a gap; the representations of one-parameter 
subgroups by truncated exponentials (e.g., formula (9) in [3]) need not hold. 
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G-modules which are @-isomorphic. Since G acts on Hom*(V1 , V,) s R 
and G has no linear characters, any ‘%-isomorphism between V, and V, is a 
G-isomorphism. Q.E.D. 
Now let T be a maximal torus of G, and let d be a system of simple roots 
for T relative to a Bore1 subgroup B Z T. A weight p of T is in the restricted 
range if 0 < (TV, LP) <p for each 01 E A. For a dominant weight A, we let 
h = h, + PA, + ... + pn& be the p-adic expansion of h, so that each hi is in 
the restricted range. Let S(X) be the irreducible rational G-module of high 
weight X. Finally, for a rational G-module W, we let W(P’) be the module W 
“twisted” by the rth power of the Frobenius morphism O: G + G. Thus 
W(P’) = W as a vector space, but g E G acts on W(P’) via go’. Observe that 
S(X)(p) s S(ph) by the highest weight classification, and note also that L(G) 
acts trivially on S@!)(p) since the differential of the Frobenius morphism is zero. 
THEOREM 2 (Steinberg [S]). For h dominant, we have 
S(X) gg S(X,) @ S(XI)‘“) @ **a @ S(;d,)‘Prn). 
Proof. (a) Let S be an irreducible module for G. Then S contains an 
irreducible L(G)-submodule 5, which, by Theorem 1, has a unique extension 
(also denoted S,) to a G-module. Now Hom,(,)(S, , S) is a G-module, and 
the map HomLdSl, S) 0 & ---t S, defined by sending $ @ s M 4(s) for 
+ E Hom,(,)(S, , S) and s E S, , is a nonzero G-homomorphism. It is, therefore, 
surjective. But clearly the dimension of Hom,(,)(S, , S) @ S, is at most that 
of S. Hence we have an isomorphism .2 It follows also that Horn&S, , S) is 
an irreducible G-module. 
(b) Now consider S(;\) for h in the restricted range. By (a) we can write 
S(X) = S(X) @ S(p) w ere L(G) acts trivially on S(p) (and in particular h 
p IL(r) = 0). Comparing high weights, we obtain that X = h’ + p whence p lies 
in the restricted range. Thus, p IL(r) = 0 implies p = 0, and we obtain that 
S(h) is L(G)-irreducible. 
(c) Finally, for a general dominant weight )\, write h = X, + p0 with 4 
in the restricted range and 0 dominant. Clearly S(/\) is a G-composition factor 
of S(h,) @ S(A)(P). AM(G)-composition factors of the latter arel(G)-isomorphic 
to S(h) by (b), hence S(h,) is an irreducible L(G)-submodule of S(h). By (a), 
S(A) = S(b) @ S(#) for some dominant weight 4. Since h = /\s + p#, we 
r We have learned from J. C. Jantzen that he has independently discovered this same 
argument in unpublished work. Both Jantzen’s interest and ours was stimulated by 
Ballard’s paper, Injective modules for restricted enveloping algebras, Math. Z. I63 
(1978), 57-63. 
Added in proof. There is yet another proof of Theorem 2 in Donkin’s Warwick thesis 
(1977), modulo the Curtis results. Donkin shows S(X,) @ *** is irreducible with Hopf 
algebra methods [13, 2.11. 
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have I/ - $6, hence S(A) = S(A,,) @ S(e)(p). The proof is completed by an 
obvious induction applied to S(6). 
From the proof of the theorem and Theorem 1, we obtain the following 
COROLLARY (Curtis [4]). The S(h), X in the restricted range, are exactly the 
restricted irreducible L(G)-modules. They are distinct for distinct A. 
Finally, we remark that the approach can be reformulated even more con- 
ceptually in the language of affine K-group schemes [5]. For instance, the 
category of restricted L(G)-modules is equivalent to that of rational Gr-modules 
where GI denotes the first infinitesimal subgroup of G. The group scheme Gr 
is the kernel of the Frobenius endomorphism in the category of afhne K-groups 
and G/G, s G. Once one knows that irreducible Gr-modules extend to G, 
it is entirely obvious from standard group theoretic techniques (Clifford theory) 
that one should have a tensor product decomposition for an irreducible 
G-module. 
Moreover, as the proof of Theorem 2 shows, there is a tensor product decom- 
position for the irreducible rational modules of any K-subgroup scheme of G 
containing GI . (For example, every irreducible rational BG,-module has the 
form V @pp, where V is an irreducible G-module of restricted high weight 
and p is a character on B.) We hope to pursue this later. 
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